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a b s t r a c t

Axisymmetric large-eddy simulations (LES) of published experiments on vertical mixing above a circular
source of buoyancy are performed. Numerical results confirm the existence of a mixing boundary layer
just above the buoyancy source (freshwater injected into saline water). As experiments suggested, the
calculated normalized shape of the boundary layer seems independent of source size, freshwater injec-
tion rate and background solute concentration. This validates a restrictive but numerically efficient
assumption of axisymmetric turbulence for the LES calculations. It also lends additional credibility to
the theoretical boundary-layer analysis of Epstein and Burelbach [Epstein, M., Burelbach, J.P., 2001. Ver-
tical mixing above a steady circular source of buoyancy. Int. J. Heat Mass Trans. 44, 525–536], even at
marginally high Froude numbers.

� 2009 Elsevier Inc. All rights reserved.
1. Theoretical background

Epstein and Burelbach (2001) developed a theoretical steady-
state boundary-layer analysis describing the upward injection of
a buoyant fluid at a velocity V0 over a circular area of radius R0 into
another fluid of constant properties (subscript 1). Their primary
motivation was the assessment of flammability hazards (by anal-
ogy) when light fuel gas is released into quiescent air-filled storage
containers. Their experimental setup consisted of a tank filled with
brine and of a porous circular disk placed on the tank bottom
through which freshwater could be injected. A schematic diagram
of the physical problem under investigation is shown in Fig. 1. It
should be noted that such a configuration could be useful in
describing diffuse hydrothermal vents on the ocean floor as well
(Lupton et al., 1985; Bemis et al., 2002). Both data and theory suc-
cessfully showed the existence of a mixing boundary layer above
the buoyancy source as ambient fluid is drawn radially inward un-
til conditions for the existence of a rising plume are met, at a tran-
sition radius r = Rp. Perhaps the most compelling results were that
the shape of the boundary layer as well as the transition radius
normalized with R0 appear to be independent of source size (R0),
freshwater injection rate (V0) and background solute concentration
(Y1).

Model assumptions are not all discussed here unless they are of
special relevance, and additional details can be found in Epstein
and Burelbach (2001). Following Baird and Rice (1975), the vertical
dispersion coefficient E was assumed to be of the form l2[(g/q) oq/
oz]0.5 where g is the gravitational acceleration, z the vertical coor-
dinate and q the local fluid density; the characteristic length scale l
ll rights reserved.
was further expressed as bd (r), i.e. proportional to the boundary-
layer thickness d given the wide radial extent of the fluid domain
(Epstein and Burelbach, 2000). The Boussinesq approximation
whereby fluid density is constant except in the body-force term
of the vertical momentum equation was adopted and density
was linearly approximated as a function of salt mass fraction Y,
i.e. q � q0 (1 + kY). A simplification of the boundary condition
expressing that no salt is passing through the porous disk was
made provided that the densimetric Froude number F =
V0{gR0 (q1 � q0)/q1}�1/2 is small.1 Yet, we found that it was possible
to complete the boundary-layer analysis with the full boundary con-
dition below, instead of Eq. (14) in Epstein and Burelbach (2001):

V0Y1 ¼ 3V0ðY1 � YÞ þ 63=2b2ðgkÞ1=2d1=2ðY1 � YÞ3=2 ð1Þ

Omitting details, the following results for the boundary-layer thick-
ness d and average salt mass fraction in the mixing layer Y were ob-
tained instead of Eqs. (20) and (22) in Epstein and Burelbach (2001):

d ¼ R0 3F2=3 1� g2

g

� �2=3

þ 63=2b2 1� g2

g

� �" #
ð2Þ

Y1 � Y ¼ Y1

3þ 63=2b2

F2=3
1�g2

g

� �1=3 ð3Þ

It can be verified that in the limit F ? 0, the published results
are recovered, except that the apparent singularity for Y at r = R0

(g = 1) is now lifted and replaced with the anticipated finite value
2Y1/3 corresponding to Y(R0, 0) = 0 (freshwater).
1 This definition of F is
ffiffiffi
2
p

times that in Epstein and Burelbach (2001), for simpler
solution coefficients
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Nomenclature

CK Kolmogorov constant
CSM Smagorinsky constant (0.1)
D turbulent diffusivity (m2 s�1)
E dispersion coefficient for vertical mixing (m2 s�1)
E0 entrainment coefficient for plume (0.12)
F densimetric Froude number; V0{gR0(q1 � q0)/q1}�1/2

g gravitational acceleration (m s�2)
h finite-element grid size (m)
k constant of proportionality between water density and

salt concentration (0.64)
l characteristic mixing length for turbulent diffusion (m)
P pressure (Pa)
Q inward volume flux within mixing layer (m3 s�1); 2prd�u
Qp volume flux from mixing layer into rising plume

(m3 s�1)
r radial coordinate (m)
R0 radius of source of buoyant fluid (m)
~u velocity vector (m s�1)
�u average radial inward velocity in mixing boundary layer

(m s�1)
V0 upward velocity of injected fluid (m)
Y salt mass fraction
Yp average salt mass fraction at plume neck
Y average salt mass fraction in mixing boundary layer
z vertical coordinate (m)

Greek letters
a molecular salt diffusivity (m2 s�1)
b mixing-length thickness proportionality coefficient

(0.14)
d vertical thickness of mixing boundary layer (m)
g non-dimensional radial coordinate
l dynamic viscosity (kg m�1 s�1)
l0 molecular dynamic viscosity (kg m�1 s�1)
m kinematic viscosity (m2 s�1); m0 + mSM

m0 molecular kinematic viscosity (m2 s�1)
mSM turbulent kinematic viscosity (m2 s�1)
q water density (kg m�3)
q0 freshwater density (kg m�3)

Subscripts
p properties at transition from mixing boundary layer to

buoyant plume
r radial direction
z vertical direction
h tangential direction
1 ambient water
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Next the approximate volume and salt balances at the transition
radius Rp between mixing layer and rising plume, Eq. (25) in Epstein
and Burelbach (2001), were replaced by exact though straightfor-
ward expressions. For the overall volume flux Qp from the mixing
layer into the rising plume, we have Q p ¼ QðRpÞþ pR2

pV0. For the
average salt mass fraction Yp at the rising plume neck,
Yp ¼ QðRpÞYðRpÞ=Q p. Using those relationships into Eq. (43) in
Epstein and Burelbach (2001) results in an implicit equation for gp:

4E0F2 ð1� g2Þ 3þ 63=2b2

F2=3

1� g2

g

� �1=3
( )

þ g2

" #3

¼ g5 ð4Þ

In the low-Froude-number limit, Eq. (4) becomes 4 69/2E0b
6(1-g2)4=

g6. Epstein and Burelbach (2001) obtain the same equation with
(1 � g2) raised to an exponent 3, which makes the equation solvable
explicitly; with b and E0 about 0.14 and 0.12, respectively, the solu-
tion is quite insensitive to the exponent of (1 � g2): gp would be
over-predicted by only 3%. Eq. (4) also suggests that a mixing
boundary layer would not form if the Froude number exceeds
(4E0)�1/2 � 1.44 for which gp = 1.
r = R0 
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Fig. 1. Schematic diagram and selected notation for the experimental setup of
Epstein and Burelbach (2001); remote tank boundaries are not shown.
At this juncture, a puzzling question arises given that the Fro-
ude numbers for the experiments are not small enough for Eq.
(2) to match the experimental data (cf. Table 1); the range for F
is also too wide to simply redefine the constant b estimated by Ep-
stein and Burelbach (2001) to be 0.14. In other words, a relaxation
of one model assumption (i.e. a more exact boundary condition)
has led to a mismatch between theory and experiment. There is
no obvious explanation why the low-Froude-number limit appar-
ently performs better than a more complete solution at moderate
values of F. Although large reported experimental uncertainties
(±20%) in identifying the boundary layer must be kept in mind, it
is also possible that discarding the convective term 3V0ðY1 � YÞ
in Eq. (1) actually compensates for the effects of other assumptions
and approximations on model accuracy.
2. Axisymmetric large eddy simulation

To further investigate the results presented in Epstein and
Burelbach (2001), numerical simulations of their experiments were
undertaken. The approach adopted here is to use sufficiently fine
finite-element grids to resolve the buoyancy-driven production of
kinetic energy (and the associated ‘large’ eddies). Turbulence then
can be represented by the relatively simple Smagorinsky model
based on a balance between shear-driven production and dissipa-
tion of subgrid-scale kinetic energy. Large eddy simulation (LES)
has become a widespread method for numerical investigations of
turbulent fluid flows, especially since computers have become
more powerful (Lesieur and Metais, 1996; Alendal and Drange,
2001; Pesteanu and Schwerdtfeger, 2003; Felten et al., 2004).

To make calculations practical on a single-processor computer,
the fluid domain under consideration and the velocity and salt con-
centration fields were assumed to be axisymmetric about the ver-
tical axis through the center of the buoyancy source. Accordingly,
the tangential velocity uh and partial derivatives @/@h are identi-
cally set to zero henceforth. This choice is consistent with the
circular geometry of the buoyancy source, but not with the rectan-
gular footprint of the tank used in the experiments. The overall



Table 1
Experimental and simulation parameters.

Experiment # 1 2 3 4 5 6

R0 (m) 0.0572 0.0572 0.114 0.114 0.114 0.178
V0 (m s-1) 0.0200 0.0270 0.0021 0.0054 0.0084 0.0066
Y1 0.087 0.141 0.169 0.146 0.122 0.136
F 0.113 0.120 0.006 0.017 0.028 0.017
Y at transition (± 0.001) 0.083 0.135 0.162 0.140 0.117 0.130
Simulation time (s) 10 7 12 12 11 16
Snapshot range in Fig. 2 (every second) 5–10 6–7 9–12 6–12 5–11 8–13
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horizontal area of the tank (0.66 m2), however, was deemed large
enough (� pR2

0) to preclude side-wall effects so that the precise
shape of the outer boundaries should not be important. The
assumption of axisymmetric flow and concentrations seems rea-
sonable, in an average sense at least, for this particular problem,
but it can be questioned in principle since turbulence is inherently
asymmetric at a given time. Axisymmetric problems have been
considered before as computationally efficient shortcuts for full
three-dimensional configurations (Mahalingam et al., 1990; Mell
et al., 1996). More recently, axisymmetric turbulence alone has
been used in otherwise three-dimensional formulations (Jacques
et al., 2002; Randriamampianina et al., 2004); detailed discussions
of the validity of the axisymmetry assumption are provided in
these latter references.

Within the axisymmetric fluid domain of radius 0.45 m and
height 0.75 m closely representative of the experimental tank,
the following coupled partial differential equations are solved:

r �~u ¼ 0 ð5Þ

q
@~u
@t
þ qð~u � rÞ~u ¼ r � ð�P½I� þ l½r~uþ ðr~uÞT �Þ þ~F ð6Þ

@Y
@t
þ~u � rY ¼ r � ðDrYÞ ð7Þ

The first two are the incompressible Navier–Stokes equations,
and the third the advection–diffusion equation for salt. [I] is the
identity tensor and r the Nabla operator. The fluid velocity vector
~u has two components ur and uz in the radial and vertical direc-
tions. To further simplify the analysis, water density q is taken as
a constant (q0 = 1000 kg/m3) except in the body force ~F (Bous-
sinesq approximation); ~F has no radial component, but its vertical
component is equal to q0gk(Y1 � Y). In this simplified formulation,
hydrostatic pressure and background weight cancel out so that P is
interpreted as the remaining dynamic pressure. l is the dynamic
viscosity and is the sum of a molecular term and of a turbulent
(subgrid) expression discussed further below; this formalism is
representative of first-order turbulence closure schemes where
Reynolds stresses are parameterized.

Initial conditions at t = 0 are ~u ¼~0, P = 0 and Y = Y1. Boundary
conditions for the Navier–Stokes equations are~u ¼~0 along the out-
er wall and on the bottom for r > R0 (no slip) and~u ¼ ð0;V0Þ on the
bottom for r 6 R0 (water injection); the upper free surface is sim-
plified as a rigid lid subject to the slip condition uz = 0, and outflow
is allowed to occur at P = 0 along the upper 5 cm of the outer ver-
tical wall. All boundaries are insulated as far as salt transfer is con-
cerned, except for the small outflow segment where a convective
flux (zero gradient) is enforced.

The kinematic viscosity m = l/q � l/q0 is the sum of a molecular
term m0 = l0/q0, of the order of 10�6 m2 s�1, and of a turbulent term
mSM defined as follows for this axisymmetric problem:
mSM ¼ ðcSMhÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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h is interpreted as an average finite-element mesh size, and cSM is
the Smagorinsky constant which can be related to the Kolmogorov
constant cK as (3cK/2)�3/4/p (Lesieur and Metais, 1996). cSM is se-
lected here as 0.1; this value is consistent with choices in the tech-
nical literature (Lesieur and Metais, 1996; Alendal and Drange,
2001; Pesteanu and Schwerdtfeger, 2003) and corresponds to a Kol-
mogorov constant when anisotropy and acceleration fluctuations
significantly contribute to the energy budget (Heinz, 2002). Follow-
ing a parameterization based on renormalization group theory, the
overall diffusivity D can then be obtained by solving an implicit
equation for the ratio D/m (Yakhot and Orszag, 1986). A close expli-
cit approximation was derived instead to avoid the numerical bur-
den of an implicit equation:

D ¼ m 1:3929� 1:3929� a
m0

� �
m0

m

� �1:78
� �

ð9Þ

Without turbulence, m = m0 and D would be equal to the molecular
diffusivity a (about 1.5 � 10�9 m2 s�1 for salt); in very turbulent
areas (m� m0), D � 1.3929 m.

The six physical experiments conducted by Epstein and Burel-
bach (2001) were numerically simulated. A commercial finite-ele-
ment package (FEMLAB� 3, Version 3.1, 2003) was used to solve
Eqs. (5)–(9) subject to the initial and boundary conditions dis-
cussed earlier. No artificial diffusion was added and the software’s
general solution form rather than the weak form was selected. The
formulation of Eq. (6) with the total stress tensor inside the diver-
gence operator allows shear-rate dependent viscosity (as in the
modeling of non-Newtonian fluids). Default settings and options
were adopted as much as possible, including the direct linear sol-
ver UMFPACK (based on the unsymmetric-pattern multifrontal
method and direct LU factorization). The parameters R0, V0 and
Y1 defining each experiment are listed in Table 1. Numerical grids
of about 25 000 elements corresponding to an average mesh size h
of the order of 5.7 mm were used; element quality was higher than
0.5. Results obtained at such spatial resolution were found to be
insensitive to further grid refinement; this issue is discussed in
more details at the end of the section. Simulation times varied be-
tween 7 and 16 s depending on the convergence rate (cf. Table 1);
this corresponded to computer runtimes of several hours
(1.86 GHz processor with 2 GB RAM). In all cases, turbulent viscos-
ity was activated after a simulation time of 0.1 s. A quasi steady-
state for the mixing boundary layer seemed to be reached rapidly
(t of the order of 4–6 s); because of highly turbulent conditions,
this was estimated visually from 1-s solution snapshots of the salt
mass fraction. Fig. 2 shows sample calculated values of the salt
mass fraction for Experiment # 6 at t = 12 s, with arrows represent-
ing the velocity field.

For each set of numerical simulations, points where Y was with-
in 0.001 of a salinity threshold approximately equal to 0.96 Y1 (cf.
Table 1) were used to track the edge of the mixing boundary layer
at low vertical coordinates. Fig. 3 shows 32 snapshots of those
‘boundary points’ from all simulations (every second in the time
intervals listed in Table 1). Time intervals for the data in Fig. 3 were
selected without the first few seconds (transient phase), and in the
case of Experiment # 6, without the period between 13 and 16 s



Fig. 2. Snapshot of LES calculations of salt mass fraction for Experiment # 6 at t = 12 s (axis dimensions in meters).
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Fig. 3. Selected snapshots of calculated salt-mass-fraction transitions for all simulated experiments (cf. Table 1).
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where eddies detached from the rising plume somewhat obscured
the edge of the mixing boundary layer below. Also shown as thick
lines (as well as in Figs. 4 through 7) are the fundamental results
from Epstein and Burelbach (2001): the normalized boundary-
layer thickness from Eq. (2) with F = 0 and b = 0.14; and a vertical
line (of arbitrary height) marking the plume transition at
Rp = 0.43 R0. Given the highly turbulent nature of the flows and
the absence of any time averaging in constructing Fig. 3, the agree-
ment between numerical simulations and the low-Froude-number
analysis is remarkable.
Fig. 4 shows the boundary points for Experiment # 6 from 6 to
16 s. The inclusion of the time intervals from 6 to 8 s and from 13
to 16 s that were not used in Fig. 3 smears the edge of the mixing
layer and of the plume transition. The complete solution for Y
(Experiment # 6) was then time averaged between 6 and 16 s.
Fig. 5 is a plot of the time-averaged values of the salt mass fraction
when they fall below 0.130. Time averaging has strongly smoothed
the highly irregular solution and brought the numerical simula-
tions in close agreement with both the data (not shown) and the
low-Froude-number analysis of Epstein and Burelbach (2001).
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Fig. 4. Snapshots of calculated salt-mass-fraction transition for Experiment # 6: Y = 0.130 ± 0.001 every second from 6 s to 16 s.
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Fig. 5. Time averages (from 6 s to 16 s) of calculated salt mass fractions for Experiment # 6: values below 0.130.
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Finally, the effect of grid refinement is considered. Fig. 6 (corre-
sponding to Experiment # 3) demonstrates that an average mesh
size <h> as large as 11.4 mm, or twice the baseline value, essen-
tially reproduces the mixing-layer boundary within the same sim-
ulation time frame. A choice of coarser grids may violate the
implicit assumptions of Smagorinsky-type closures, e.g. if buoy-
ancy becomes significant in the production and transport of turbu-
lent kinetic energy at subgrid scales. With <h> = 30 mm, for
example, the complex flow structure displayed in Figs. 2–4 is not
resolved. In this case, Fig. 7 shows that a mixing-layer boundary
is not predicted to develop within about 10 s. When these coarse
simulations are run over substantially greater times, however, a
stable mixing-layer boundary appears. Hence, such a boundary
seems to be a robust feature of the problem under consideration.
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3. Conclusions

This study presented a critical evaluation of a published theoret-
ical and experimental investigation of vertical mixing above a cir-
cular source of buoyancy. Normalized data showing the existence
of a mixing boundary layer that is independent of several experi-
mental parameters could be reproduced well with axisymmetric
large-eddy numerical simulations. This lent additional credibility
to the theoretical boundary-layer analysis of Epstein and Burelbach
(2001), even though relaxing some of their model’s assumptions
failed to preserve a good agreement between theory and experi-
ments given the range of Froude numbers under consideration.
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